where A * B denotes possible contractions of A, B (we also use the fact that all metrics are smooth and hence have bounded geometry and are equivalent for t ∈ [0, T ]). The statement then follows from the Gronwall's inequality.
Introduction
We propose a method in geometric analysis to study compact manifolds which supports a non degenerate 2-form ω such that ω n (n!) −1 defines a volume form on M . Such a manifold M has to be even dimensional and orientable. When an even dimensional orientable manifold M supports such a two form is well understood in obstruction theory. Indeed a nondegenerate 2-form reduces the structure group of the tangent bundle of T M from GL(2n, R) to Sp(2n, R), where Sp(2n, R) is the group which acts on R 2n isomorphically and preserves the standard symplectic structure on R 2n , dx 1 ∧ dy 1 + · · · + dx n ∧ dy n .
We identify R 2n with C n in the usual way and then Sp(2n, R) deformation retracts to its maximal compact subgroup U (n) ⊂ GL(n, C)(⊂ GL(2n, R)). Since the latter inclusion is also a homotopy equivalence, this is equivalent to that there is an almost complex structure on M ; in other words, there exists a complex vector bundle structure on the tangent bundle T M . By definition, an almost structure J : T M → T M is a linear bundle isomorphism covering the identity map of M such that J 2 = −id.
Almost complex manifolds contain objects which are central in modern geometry, including symplectic manifolds, complex manifolds and Kahler manifolds for example. A very basic problem is to ask when an almost complex manifold supports a symplectic structure. The study of symplectic manifolds has witnessed tremendous achievements in last three decades. We refer readers to, for example, [19] and references therein for more information.
By definition, a symplectic structure is a smooth manifold with a non degenerate 2-form ω such that ω is closed, namely dω = 0. We should emphasize that there are powerful methods of topological nature (cut-andpaste) in literature to construct symplectic structures. We refer the reader to [11] for example for more details. There are three known sources which obstruct the existence of a symplectic structure. As mentioned above, the manifold has to be almost complex, or equivalently, has a nondegenrate two form. The closeness condition dω = 0 provides another obstruction. Indeed by Stokes' theorem, [ω] defines a nontrivial de Rham cohomology class in H 2 (M, R) such that [ω] n > 0. The third and last known obstruction is the Seiberg-Witten invariant from gauge theory on 4-manifolds [26] . This last obstruction is rather subtle and we refer the reader to, for example [12] for interesting discussions.
Our motivation is to propose a geometric evolution equation, "canonical" from the point of view of geometric analysis, to study the existence of symplectic forms on a underlying almost complex manifold. Geometric evolution equations have been studied extensively and are now a very important subject in geometric analysis with tremendous applications. In this paper we propose several evolution equations, using the operators d * d and Hodge Laplacian ∆ which evolve a non degenerate two form ω (an almost Hermitian structure) to symplectic structures (some canonical models). From a geometric analysis (or PDE) point of view, the equation dω = 0 is a first order (linear) system for ω. When M is an open manifold (a noncompact manifold without boundary) with a non degenerate two form, Gromov proved that there are always such symplectic two forms by the so-called h-principle. When the manifold is compact, the problem is more complicated and there are relatively few tools to handle such a system on compact manifolds. By Lemma 2.1, we study the equations for a tamed or compatible pair satisfying d * dω = 0 or ∆ω = 0. Even though the equation becomes second order nonlinear, we hope that there are more tools from geometric analysis and PDE theory which can help to deal with the problem. Indeed, d * dω = 0 is a degenerate elliptic system and the operator d * d is essential for our purpose. While Hodge Laplacian ∆ is well studied and it is an elliptic operator when the metric is fixed, but we should mention though ∆ω is a rather delicate operator when ∆ is determined by (ω, J) and ω and/or J are allowed to vary.
There are some natural choices to define an evolution equation to evolve a tamed or compatible pair (ω, J). The most obvious one might be the Laplacian flow, (1.1) ∂ω ∂t + ∆ω = 0.
The Laplacian flow has already been studied in the context of G 2 structure [2, 28] , where one can already see that even the short time existence is a rather delicate problem, mainly due to the complexity of the linearization of Hodge Laplacian ∆ when viewed as an operator determined by the metric. In our setting similar difficulties arise for (1.1) and we shall consider the well-posedness for (1.1) elsewhere. Another natural choice is (1.2) ∂ω ∂t + d * dω = 0, which we shall call a d * d-flow, to distinguish with Laplacian operator. We emphasize that for (1.1) and (1.2) we fix an almost complex structure J but only require evolving two form ω is tamed by J, while the almost Hermitian metric is determined by J and J-invariant part of ω, since neither ∆ω nor d * dω is J-compatible, even the initial data (ω 0 , J 0 ) is assumed to be compatible. If we want to insist the compatible condition, which may be more preferable in the point of view of geometric analysis, to evolve an almost Hermitian structure, we must then allow (ω, J) to vary simultaneously. We shall then discuss geometric flows for a compatible pair (ω, J), with a suitable choice of K, ∂ω ∂t
Note that the choice of K is not unique in general and this can be a family of flows. The most obvious choice is as follows, K can be characterized by (1.4) ω(Kx, Jy) = ω(Jx, Ky) = 1 2 (d * dω(Jx, Jy) − d * dω(x, y)) .
We shall still call this flow d * d-flow for a compatible pair. Our first main result is to prove the well-posedness and uniqueness of the d * d-flow for a compatible pair, see Theorem 3 and Theorem 4. There are other interesting choices for K. Among them we shall discuss d * d-Ricci flow and we believe this flow should also be very interesting. When the initial two form ω is closed, we show that this condition is preserved, and the flow recovers the anti-complexied Ricci flow studied in [17] . Another interesting point about d * d-flow and d * d-Ricci flow is that they are closely related to strictly nearly Kähler structures on dimension six. It seems that these flows can give some approach to evolve almost Hermitian structure (on dimension six) to nearly Kähler structures.
All the considerations can also be discussed for the Laplacian flow. However it seems to be a subtle problem even for the short time existence of Laplacian flow (for either tamed or compatible pair). We should mention that geometric flow of a compatible pair (ω, J) as a flow of almost Hermitian structures has already been studied in literature. For example, in [22] , J. Streets and G. Tian proposed a Ricci-flow like system for the compatible pair (ω, J), called symplectic curvature flow, to study the canonical geometric structures on a symplectic manifold. But our motivation here is completely different. Instead of seeking a canonical geometric structure adapted to a symplectic structure using curvature quantities, we are looking for symplectic structure as a canonical structure over nondegenerate two forms. We give two proofs of short time existence for (1.3). One is based on DeTurck's trick and the other is based on Hamilton's theorem. We should emphasize, however, even for short time existence, the system (1.3) seems to be very degenerate since K in (1.4) is completely degenerate in J; at the first glance, K involves no second derivative of J. And the proof is indeed much more involved. Nevertheless we will show that despite the very degeneracy of (1.3), the degeneracy is essentially only caused by the invariance under the action of the diffeomorphism group. We shall consider a more general system for a tamed pair (ω, J). We can then restore the full parabolicity for such a system (by using DeTurck's trick, in a non-straightforward way). Then we show that the compatibility is preserved by such a system. We show that a solution of this new system gives a solution of (1.3) if (ω, J) is an almost Hermitian structure. We shall emphasize that the uniqueness does not seem to be a direct extension since the equation on the involved diffeomorphisms is not a parabolic equation (it is a degenerate equation again). Instead we use a theorem proved by Hamilton in his original proof of short time existence and uniqueness for Ricci flow to give another proof of existence and uniqueness.
One of our main motivations is to give a precise understanding the existence of symplectic structure among almost complex structures, in particular in dimension four. We believe this is a very important problem and it is closely related to the geometry and topology of smooth four manifolds.
We shall discuss these aspects in a most speculative way, and leave more technical discussions elsewhere.
We organize the paper as follows. In Section 2 we consider the d * d-flow for a tamed pair (ω, J) and prove the short time existence and uniqueness. In Section 3 we consider the d * d-flow for an almost Hermitian structure and prove the short time existence and uniqueness. We also prove an extension theorem and consider a simple example with long time existence. In Section 4 we consider the d * d-Ricci flow and its relation to the nearly Kähler structures in dimension six. In Section 5 we give some speculative applications of d * d flow (d * d-Ricci flow) to the geometry of smooth four manifolds.
The d * d-flow for nondegenerate two-form
In this section we study the the d * d-flow (1.2) for nondegenerate two forms. We fix an almost complex structure J on M and consider all nondegenerate two forms which are tamed by J. All such forms form a contractible infinite dimensional space (manifold), which we denote by T . For any initial data ω 0 ∈ T J , we want to study the d * d flow
We recall some definitions. Let (M, ω) be a compact manifold with a nondegenerate two form ω. Definition 2.1. A 2-form ω is tamed by an almost complex structure J if the bilinear form ω(·, J·) is positive definite on T M . If in addition ω(·, J·) is symmetric, hence defines an Hermitian structure on T M , we say ω and J are compatible; we also denote the almost Hermitian metric by g(·, ·) = ω(·, J·) for a compatible pair (ω, J).
The compatibility condition can also be formulated equivalently by the condition that J preserves ω in the sense that ω(J·, J·) = ω(·, ·). If ω and J are compatible, g defines an almost Hermitian metric on M . We shall note that for a compatible triple (ω, J, g), any two will determined the other. We shall use g or (ω, J) to denote the almost Hermitian metric mostly, depending on the structures we want to emphasize. When ω is only tamed by J, we can also define a metric by
Clearly g is compatible with J and hence defines an almost Hermitian metric and its associated non degenerate two form is given bỹ ω(x, y) = g(Jx, y).
Indeedω is the J-invariant part of ω 2ω(x, y) = 2ω J = ω(Jx, Jy) + ω(x, y).
In general, for a given two form β, we denote the J-invariant part by
and anti-J invariant part by
Hence for any tamed pair (ω, J), we shall also associate the almost Hermitian metric g defined by the compatible pair (ω J , J). For any given almost Hermitian structure on M , it induces an inner product structure ·, · on Λ * M and the Hodge- * operator * :
For any p-forms α, β ∈ A p (M ), the inner product is defined to be
The adjoint operator d * :
A straightforward computation shows that
The Hodge-Laplacian ∆ d is defined by
The following simple fact gives a characterization of ω being closed, namely, that ω is a symplectic form. Proof. Clearly d * dω = 0 is equivalent to dω = 0. And ∆ω = 0 implies that dω = 0 and d * ω = 0. While for the metric determined by a compatible pair (ω, J), the Hodge star satisfies
Since * operator is an algebraic operator, we can work on T p M for a given point. Then pick up an orthonormal basis {e 1 , · · · , e n , Je 1 , · · · , Je n } of T p M with the dual basis {e
The desired identity (2.1) is then evident. It follows that dω n−1 = 0 if dω = 0; this implies that
Fix an almost complex structure J. We consider the following energy functional H 0 (ω) and H 1 (ω) for any ω tamed by J,
Clearly a symplectic form minimizes H 0 (ω). We also consider the harmonic energy
When (ω, J) is a compatible pair, dω = 0 implies H 0 = H 1 = 0. Hence an almost Kahler structure, which by definition is an almost Hermitian structure with dω = 0, minimizes H(ω, J). The principle part (second order) of the linearization of d * dω is given by d * dψ (the variation of ω is given by δω = ψ). We see this directly since for a fixed form η, d * dη involves only first order derivative of the metric (hence of ω). This operator is clearly not elliptic and it has an infinite dimensional kernel Imd(A 1 ) ⊂ A 2 . Hence the d * d flow is not strictly parabolic. However this equation is not invariant under all diffeomorphisms since we fix the almost complex structure J (the invariant group is a large one, including the diffeomorphisms fixing J but it does not seem to have a good structure). We are not aware that there is a way to restore the full parabolicity by a gauging fixing trick such as DeTurck's trick for Ricci flow (this causes similar difficulty for Laplacian flow). R. Hamilton proved a general existence theorem of a weakly parabolic equation, using Nash-Moser inverse function theorem [15] in his seminal paper [14] , where the short time existence of Ricci flow flows directly. Our proof of short time existence of (1.2) relies on his result and some basic Hodge theory. Indeed given the structure of the d * d flow, the short time existence follows directly from Hamilton's Theorem 5.1, which we record below.
(B) all the eigenvalues of the eigenspaces of σDE(f )(ξ) in Null σL(f )(ξ) have strictly positive real parts.
Then the initial value problem f = f 0 at t = 0 has a unique smooth solution for a short time 0 ≤ t ≤ ǫ where ǫ may depend on f 0 .
We explain the notations roughly and refer the reader to [14] Section 5 for full details. Here f is a section of a vector bundle F (or belongs to an open set U of F ) over M and E : C ∞ (M, U ) → C ∞ (M, F ) is a (nonlinear) second order differential operator (viewed as a smooth map in a Frechet space C ∞ (M, F ) to itself). DE(f )f is a linear differential operator inf of degree 2 and it is the linearization of E(f ). We use σDE(f ) to denote its symbol (principle part). L(f )h is a differential operator of degree 1 on sections f ∈ C ∞ (M, U ) and h ∈ C ∞ (M, F ) with values in another vector bundle G such that L(f )E(f ) = Q(f ) only has at most degree 1 in f ; L(f ) is called an integrability condition for E(f ). By a degree consideration, one sees directly that σL(f )(ξ) · σDE(f )ξ = 0 and in particular,
If L is not trivial then σDE(f )(ξ) must have a null eigenspace; hence DE(f ) is not a strictly elliptic operator (or ∂ t − E is not a parabolic operator); the best we can hope is that σDE(f )(ξ) is positive when restricted on Null σL(f )(ξ). Theorem 3 asserts that such a weak parabolic system has a unique smooth short time solution.
To apply Hamilton's results, we need to find an integrability condition for d * d flow and verify Condition (B) in the above theorem. Indeed the operator we consider is E(ω) = −d * dω and the integrability condition is given by L(ω)ψ = d * ψ, where d * operator is defined by the metric associated to the pair (ω, J), as mentioned above. Clearly L(ω)E(ω) = 0. Moreover, the principle part of the linearization of E(ω) is still E = −d * d, as explained above. By the Hodge decomposition,
is an elliptic operator (it is just the minus Hodge Laplacian −∆; this negative sign suits exactly for the parabolic equation). Alternatively, one can also verify that σDE(ω)(ξ) is positive when restricted on Null σL(ω)(ξ) as in [14] Section 4 by computing the symbol directly. Nevertheless this allows us to use Theorem 2 to conclude Theorem 1.
Even though the d * d flow makes perfect sense for a tamed pair (ω, J), it would be more preferable to study a compatible pair (ω, J) for various reasons. Nevertheless, it suggest d * d is a degenerate elliptic operator which possesses good properties. This observation gives us the motivation to prove the well-posedness of the d * d flow for a compatible pair, which we shall consider in the following sections.
3. The d * d-flow of a compatible pair 3.1. The variation of an almost Hermitian structure. We start with the study of the variation of an almost Hermitian structure of (ω, J). Some properties below are explored in [22] for example. Since the consideration is straightforward, we include these discussions here for completeness. Suppose the infinitesimal variation of (ω, J) given by δω = θ, δJ = K By the compatibility condition, we have Proposition 3.1. The pair of infinitesimal variation (θ, K) at (ω, J) satisfies
Proof. This is a straightforward computation. The first identity follows from the fact that J 2 = −1 and the second follows from the fact that ω is J-compatible.
The space of elements (θ, K) satisfying the above can be viewed as the "tangent space" of A M at (ω, J) (however we should emphasize that this space is not a linear space). The infinitesimal variations generated by diffeomorphisms will be important for us.
Proof. This is straightforward and we can understand this geometrically. Let φ t be the diffeomorphism generated by X with φ 0 = id. Then (φ * t ω, φ * t J) is an almost Hermitian structure. Now (L X ω, L X J) is the derivative of (φ * t ω, φ * t J), hence provides an infinitesimal variation of (ω, J). In particular, we have
We explore some useful properties for such elements (θ, K). Define a two-formÃ by
Then it is straightforward to check that A satisfies (3.1); indeed anti Jinvariance ofÃ implies JA + AJ=0 and
However A is not the only choice of K satisfying (3.1). LetB ∈ S(T * M ⊗ T * M ) be any symmetric two-tensor such that it is anti J-invariant. We also use the notationB ∈ S J − (T * M ⊗ T * M ). Let K be the tensor field defined by
We have the following characterization of the pair (θ, K).
Proposition 3.3. Any infinitesimal variation (θ, K) can be characterized by (3.3) usingÃ andB, whereÃ is the two form defined in (3.2) and B ∈ T * M ⊗ T * M is any symmetric anti J-invariant two tensor.
Proof. First suppose K satisfies (3.3), then (θ, K) satisfies (3.1). Indeed JK + KJ = 0 follows from the fact thatÃ,B are both anti J-invariant. Moreover,
hence we can check that
This proves that (θ, K) satisfies (3.1).
On the other hand, suppose (θ, K) is an infinitesimal variation of (ω, J) satisfying (3.1). Write ω(Kx, Jy) =Ã(x, y) +B(x, y).
Then we compute ω(Jx, Ky) = −ω(Ky, Jx) = −Ã(y, x) −B(y, x).
Hence by (3.1),
It follows thatB is symmetric. Moreover, since ω(Kx, Jy) andÃ(x, y) are both anti J-invariant,B is also anti J-invariant. Indeed,Ã andB are the anti-symmetric and symmetric part of ω(Kx, Jy) respectively, hence are uniquely determined by (θ, K).
as mentioned above, the space of elements (θ,B) can be viewed as the tangent space of A M at (ω, J). In other words, we have naively
However we shall not consider the structure of the space of all almost Hermitian structures as an infinite dimensional manifold in a rigorous way and (3.4) is only understood in a superficial way, to illustrate Proposition 3.3.
(3.4) will not be needed for any technical results below. By the discussion above, there are certain canonical choices of K (orB) to define geometric flow of a compatible pair (ω, J). We are mainly interested in two cases. One is the geometric evolution equation for an almost Hermitian structure (ω, J) withB = 0,
where K 1 is uniquely determined by
Another interesting choice ofB is anti-J invariant part of Ricci tensor
which we shall study in the next section.
3.2. Short time existence. Now we prove the well-posedness of (3.5) and the short time existence of smooth solution for any initial almost Hermitian structure (ω, J). Uniqueness will be proved in the next subsection.
Theorem 3. For any initial almost Hermitian structure (ω 0 , J 0 ) at t = 0, there exists a unique smooth solution of (3.5) with almost Hermitian structure (ω(t), J(t)) for a short time.
We use essentially the DeTurck's trick for the first proof of the existence: modifying by a suitable diffeomorphism we show that (3.5) is equivalent to a strictly parabolic system. However as we mentioned above, this equivalence modulo diffeomorphism is achieved in a very indirect way and it is involved technically. We roughly sketch our strategy. We can consider the modified system, for a vector field X,
However this system fails to be parabolic in an obvious way. Note that K 1 does not involve second derivatives of J, while L Y J (and hence
cannot be an elliptic operator (on J) for any choice of Y (regardless Y involves derivatives of J or not). Instead we study a system as follows,
The system we propose is indeed strictly parabolic (in formal sense) for (ω, J) by suitable choices of X and K 2 . Here are several key features of X and K 2 .
(1) The vector field X involves only first derivatives of ω, and makes
( It also explains that we use the operator −d * d instead of Hodge Laplacian ∆). (2) We have to enlarge our consideration for tame pairs. This allows us to choose K 2 such that it is an elliptic operator on J, hence K 2 +L X J is also an elliptic operator on J (since X does not involve derivatives of J and L X J does not contribute second derivatives of J).
Then we apply the standard parabolic theory for the more general system for a tamed pair (ω, J) (note that for a compatible pair ω and J, the second derivatives of ω and J are partially involved) to get a unique smooth short time solution. We then show that the compatible condition is preserved if the initial pair is compatible, and prove that K 2 = K 1 for a compatible pair. Eventually after a gauge transformation induced by −X, we show that (3.5) has a short time smooth solution.
To begin with, we suppose ω is a nondegenerate two-form and J is an almost complex structure such that (ω, J) is a tamed pair. We fix a background metricḡ and denote its Levi-Civita connection by∇. We study the following system for a tamed pair (ω, J),
where d * is defined by g, which is the almost Hermitian metric determined by (ω J , J). We emphasize that X and K 2 are also determined by the almost Hermitian structure (ω J , J).
For simplicity, first we discuss a compatible pair (ω, J) and determine the corresponding X and K 2 . We need some preliminary facts, in particular for the operator
Direct computation shows that S(X, Y )η is tensorial in both X, Y (but not in η). Indeed we have the following identity,
where {e i } is an orthonormal basis and {X k } is a basis such that g kl = g(X k , X l ). In particular, for any two-form
Similarly for a three-form η = η ijk dx i ∧ dx j ∧ dx k , we have,
where the covariant derivative is given by
We compute that for a given two form ψ = ψ ij dx i ∧ dx j ,
where O(∂g, ∂ψ) denotes the terms of at most degree one and it vanishes in a normal coordinate such that ∂g = 0 at one point. In (3.11) we drop the factor dx i ∧ dx j in the last line. By (3.11), we have
For an almost Hermitian structure (ω, J), there exists a vector field X = X(ω, J,ḡ) such that −d * dω + L X ω is elliptic on ω but has no second derivatives of J.
Proof. We compute
We assume X does not involve derivatives of J. Note that ι X (dω) only involves the terms which has at most first derivatives of ω, J, hence the
There are many choices of X satisfying the properties required. Indeed, let
, where O(1) denotes the terms which involve at most the first derivative of g, ω, J, a direct computation
. An explicit example is by taking A j = 0 and X is determined by
where ω jk is the inverse of ω ij , namely, it satisfies ω ij ω jk = δ k i . Next we describe K 2 . We define a two form ψ = ψ ij such that
where L j i does not involve second derivatives of J and it will be specified as follows.
, where K 1 , K 2 are given in (3.6) and (3.15) respectively; in particular JK 2 + K 2 J = 0. An important point is that L does not involves second derivatives (or above) of J.
Proof. For a compatible pair, we have
Hence by taking derivatives, we havē
We define a two form φ of type O(1) by
We can then define L by
Clearly L j i does not involve second derivatives of J since φ is of type O(1) and ψ does not involve second derivative of J. By (3.15) and (3.16) we get,
In other words, K 2 can be characterized by
. We can also write the above as
Since −d * dω = g pq∇ p∇q ω + ψ by definition of ψ, we see that
Proposition 3.6. K 2 is an elliptic operator on J. Hence the system (3.26) is parabolic for (ω, J) (in formal sense).
Proof. We compute the symbol of K 2 (on J). By taking g ij = δ ij at one point, we have
The last equality follows since J is compatible with g and hence JJ T = id (g = id at the point); this implies that J + J T = 0. By Proposition 3.4, the linearized operator
It is also important to notice that θ does not involve second derivative of J at all. By (3.15) and (3.20) , the linearized operator of K (on J) is also elliptic (since X does not involve any derivative of J, while B involves only first derivative), and we have
. Note that since K contains second derivative of ω, hence the operator σL(K)β ij is not zero. Nevertheless, the whole symbol of the system (θ, K) on (β, P ) is given by (take g ij = δ ij at a point)
Hence this verifies that (3.26) is strictly parabolic in formal sense.
Now we are ready to prove that (3.9) has a smooth short time solution for a tamed pair (ω, J). First note that (ω J , J) determines an almost Hermitian structure, we can then define X, K 2 (and L) as in (3.12), (3.15) and (3.28) respectively, using (ω J , J) (with ω replaced by ω J correspondingly). With this understanding of X, K 2 , then we have, Proposition 3.7. There exists a unique smooth short time solution of (3.9).
Proof. We only need to show the system (3.9) is parabolic for a tamed pair (ω, J). By (3.15) and (3.20) , the linearized operator of K (on J) is elliptic, and we have σL(K, ξ)P j i = |ξ| 2 P j i . By (3.9) and the definition of X, the operator θ(ω J , J) = −d * dω J + L X ω J contributes (to the second derivatives of ω and J) g pq∇ p∇q (ω J ). Hence for θ(ω J , J) + g pq∇ p∇q (ω J− ), the second derivatives of ω and J involved are of the form,
It follows that the linearized operator of θ(ω J , J) + g pq∇ p∇q (ω J − ) (on ω) is elliptic. It is also important to note that θ(ω J , J) + g pq∇ p∇q (ω J− ) does not involve second derivative of J. Now since K is indeed involved with second derivative of ω, hence the operator σL(K)β ij is not zero. Nevertheless, the whole symbol of the system (θ, K) on (β, P ) is still given by (take g ij = δ ij at a point) I 0 * I Hence this equation is strictly parabolic on a tamed pair (ω, J). To finish the proof we might quote the standard parabolic theory.
However there is one more technical point that the space of almost complex structures is not linear due to the fact that J 2 = −id. This kind of phenomenon can be handled in a rather standard way; for example, a similar situation was considered in [22] . The idea is that we can localize the problem by considering almost complex structures near a fixed complex structure J 0 . For an almost complex structure J 0 , the space of almost complex structures (denoted by J ) near J 0 forms a Banach manifold (this can be viewed as a submanifold of the space of all nonsingular endomorphisms of T M ), and the tangent space is modeled on anti-J 0 invariant endomorphisms (which covers the identity of M ), namely E : T M → T M such that J 0 E + EJ 0 = 0. Hence, there exists a diffeomorphism (from a neighborhood of 0 in
We can then use π to pull back almost complex structures in U J 0 to the linear space T J 0 J . Hence as in (3.9), we can define a flow for a tamed pair (ω, E) by identifying J = πE, for E is in a neighborhood of T J 0 J . Indeed the equation reads, with the initial condition of a tamed pair (ω 0 , J 0 ) (E 0 = 0),
where dπ −1 is the tangent map of π −1 at πE.
is in the tangent space T πE J , hence K(ω, E) is well-defined and it is in the image of T E (T J 0 J ) ∼ = T J 0 J . Hence this defines a flow in the space Λ 2 ⊕ T J 0 J . Note that at time t = 0, the linearized operator of the system (3.21) reads exactly the same as in (3.9). We can then quote the standard parabolic theory to conclude that (3.21) has a smooth short time solution. Now denote J = πE, it is then straightforward to verify that (ω, J) is a smooth short time solution of (3.9) with the initial tamed pair (ω 0 , J 0 ). Now suppose we have a (short time) unique smooth solution (ω(t), J(t)) of (3.9) with the initial data by an almost Hermitian structure (ω 0 , J 0 ). We want to show that (ω(t), J(t)) remains to be an almost Hermitian structure.
Proposition 3.8. The compatibility condition is preserved along (3.9).
Proof. We need to show that ω J − = 0 along the flow. This is clearly a local property on time. We suppose that the smooth solution exists for time [0, T ] and we assume that all geometric quantities are uniformly bounded in [0, T ], depending only on initial condition and T . We claim,
Indeed this follows from a direct computation, similarly as in the proof of Proposition 3.5, by noting that (ω J , J) is a compatible pair. To be more specific, applying Proposition 3.5 to (ω J , J), we have (see (3.19) )
By compatibility of (ω J , J), a direct computation gives
Hence we have
We compute
Using the equation for ∂ t ω and (3.23), we have proved the claim. Given (3.22), a direct maximum principle argument then implies that if ω J − = 0 at t = 0, it is preserved along the flow. Alternatively, one can also use (3.22) to compute directly that, in [0, T ],
By Proposition 3.5, K 1 (ω, J) = K 2 (ω, J) holds for a compatible pair, hence we get that Proposition 3.9. Let (ω, J) be almost Hermitian structures which solves (3.9). Then (ω, J) solves the system
where X is the vector field defined in (3.12) and K 1 (ω, J) is determined by
Now we can apply the DeTurck's trick and we prove Theorem 3 by obtaining a smooth short time solution of (3.5), for a compatible initial condition (ω 0 , J 0 ). Indeed, we can first solve (3.9) with initial condition (ω 0 , J 0 ) with a smooth solution for a short time. Proposition 3.8 then implies (ω(t), J(t)) is an almost Hermitian structure, and hence it solves (3.24), where X is determined in (3.12). Now let φ t : M → M is a diffeomorphism generated by −X with φ 0 = id. Denote (ω,J ) = (φ * t ω(t), φ * t J(t)). We can then compute
Hence (ω,J ) solves (3.5).
We emphasize that the uniqueness still holds, but the usual proof of the uniqueness does not extend to this system directly, due to the fact that the equation for the involved diffeomorphisms is not parabolic. To be more specific, for a diffeomorphism φ : M → M , denote
We want to consider the operator
If it were an elliptic operator, the proof for the uniqueness should follow the standard route; however this is not the case in our situation. Without loss of generality, we assume φ = id and δφ = Y , then we have δφ −1 = −Y . We compute
where l.o.t stands for terms of Y k up to first derivative. We can choose a coordinate such that g ij = δ ij (at one point) and it follows that ω jk = −ω jk (note that ω jk is the inverse of ω), hence the symbol of the linearized operator reads, for ξ = (ξ 1 , · · · , ξ 2n ),
We assume |ξ| 2 = 1 and denote η k = j ξ j ω jk , then η k η k = 1. Hence we can write the operator as I − η T η; this operator is always nonnegative definite (and mostly positive indeed), but it has exactly one zero eigenvalue when η k = 1 for some k (η i has to be 0 for i = k). We shall also mention that the equation on φ,
likely has a (unique) short time smooth solution, even it is only a degenerate parabolic system. This would be enough for the proof of uniqueness but we shall not pursue in this direction. Another way to get around might be that we try to choose X slightly differently such that it still makes the system (3.9) parabolic and (−X)( φ −1 * ω, φ −1 * J,ḡ) is also parabolic on φ, since we have some freedom on the choice of X. However we are not able to find such a choice of X. Instead we will use Halmiton's Theorem 2, as in Section 2, to give an alternative proof of existence and uniqueness as well.
3.3. Uniqueness. We consider the following system for a tamed pair (ω, J),
where K 2 , d * are both determined by the almost Hermitian structure (ω J , J).
Theorem 4. For a tamed pair (ω 0 , J 0 ), there exists a unique smooth solution for a short time. When (ω 0 , J 0 ) is compatible, then the compatibility condition is preserved along the flow and the solution coincides with (3.5).
In particular, a smooth solution of the system (3.5) with fixed initial condition is unique.
Proof. We shall keep the discussion brief since this is similar to the situation in Theorem 1. For a tamed pair (ω, J), the linearized operator of the system is not an elliptic, but a degenerate elliptic operator. However we can understand the degeneracy clearly, as in Theorem 1. First the leading term of the linearized operator of −d * d is still −d * d and an important feature is that it contributes zero to the second derivatives on J; this operator has a null eigenspace, with its image contained in Ker(d * ), and −d * d is elliptic on Ker(d * ). And K 2 (ω J , J) is elliptic on J (it does contributes second derivatives of ω). Nevertheless, as in Theorem 1, we still have L(ω, J)(θ, K) = (d * θ, 0) as the integrability condition of the system E(ω, J) = (−d * dω, K 2 ) (clearly L(ω, J)E(ω, J) = 0 and L(ω, J) is a (at most) degree one operator). The linearized operator DE is elliptic on the kernel of Ker(L) = Ker(d * ) ⊗ K, where K is the space of all endomorphisms K satisfying JK + KJ = 0. We can then apply Hamilton's Theorem 2 to conclude the existence and uniqueness of a smooth solution for a short time for this system. When (ω 0 , J 0 ) is compatible, there exists a short time smooth solution of (3.5), by the results we proved in Section 3.2. Note that the compatibility condition is preserved and hence we have K 2 = K 1 . It then implies that this solution also solves (3.26) . By uniqueness of (3.26) we then know that the flow preserves compatibility of (ω, J). We also note that any smooth solution of (3.5) of a compatible pair also solves (3.26) . By the uniqueness of (3.26) again, this implies the uniqueness of the system (3.5) as well. This completes the proof.
3.4. Volume functional, special solutions and singularities. Clearly a fixed point is −d * dω = 0, or equivalently, dω = 0. Hence a fixed point is a symplectic structure. Another special solution is −d * dω = λω for some constant λ. Clearly λ = 0 or λ has to be negative. For negative λ, one can scale ω (correspondingly, the metric) to get any positive constant. For simplicity, we consider
This is equivalent to d * ω = 0 and ∆ω = ω. From this point of view, these special solutions of d * d flow are more rigid than Laplacian flow, since the special solutions of the latter are either symplectic or just satisfies ∆ω = ω. We shall discuss in more details about this equation (3.27) . We shall note that there are many examples of almost Hermitian structure (ω, J) satisfy d * dω = ω. For example, up to a scaling, the nearly-Kähler structure on S 6 satisfies this (indeed any strictly nearly Kahler example satisfies this, up to scaling). Note that such an example gives a finite time singularity, as the case that positive Einstein metrics for the Ricci flow. Indeed if (ω 0 , J 0 ) is an almost Hermitian structure such that d * 0 dω 0 = ω 0 . For any constant λ > 0, (λω 0 , J 0 ) defines another almost Hermitian structure such that
is the unique solution for the system and it collapses at t = 1.
It would be highly preferable to understand general singularities of this system. The discussions and results, as in other geometric evolution equations, in particular the Ricci flow, will certainly be enlightening. We shall consider this elsewhere.
We also note that the volume functional decreases along such a flow. For the d * d flow (or Laplacian flow), one can compute directly that
Hence the volume functional is decreasing along the flow. Hence suppose the flow exists for all time and converges smoothly, then the limit is a symplectic structure. Since a symplectic structure might not exist on a compact almost complex manifold, the singularities are inevitable in general. And it would be an interesting problem to study the formation of singularities.
3.5. An example: warped product. First we consider a simple example of d * d-flow on R 4 , with coordinate (x, y, z, w). Let J 0 be the standard complex structure satisfying
We consider a nondengenerate two form, with a = a(z, w), b = b(x, y) both positive, ω 0 = a(z, w)dx ∧ dy + b(x, y)dz ∧ dw. Clearly (ω 0 , J 0 ) defines a Hermitian structure on R 4 and dω 0 = 0 unless both a, b are constant. First we assume a = 1 and b is periodic in x and y, and hence ω 0 descends to a nondegenerate two form on T 4 = R 4 /Z 4 , a compact tori. We have the following, Proposition 3.11. For a Hermitian structure (ω 0 , J 0 ) on T 4 with ω 0 = dx ∧ dy + b 0 (x, y)dz ∧ dw, there exists a unique long time solution to d * dω flow, which is of the form ω t = dx ∧ dy + b(t, x, y)dz ∧ dw, J t = J 0 such that
In particular, when t → ∞, lim b is a positive constant, hence ω t converges to a symplectic form on T 4 .
Proof. By the uniqueness and existence, (3.28) follows from a routine computation. To be more precise, for any nondegenerate form ω = dx ∧ dy + b(x, y) ∧ dw (we assume b > 0 as always), it defines a Hermitian structure with J 0 . Moreover, dx, dy, √ bdz, √ bdw gives an orthonormal coframe. Hence a direct computation gives,
It follows that
where ∆, ∇ take the obvious meaning, using the flat metric on T 2 and coordinates x, y. Now we consider the equation on T 2 (3.30)
with the initial condition b(0) = b 0 . The equation (3.30) mimics the Harmonic flow equation in some way but the nonlinear term −b −1 |∇b| 2 has the sign which is towards our favorite. Indeed if we consider the equation for log b, we get the standard heat equation,
From this we see that the equation has a long time unique solution and log b converges to a constant on T 2 when time goes to infinity. Now define
We see that (ω t , J 0 ) solves the d * d-flow for a compatible pair; indeed since d * dω t is always J 0 compatible, J 0 stays fixed and the evolution equation for ω t is then evident, by (3.29) . By the uniqueness, d * d-flow is reduced to (3.28) in this case. This completes the proof.
When a is not a constant, one can compute that, for ω 0 = a(z, w)dx ∧ dy + b(x, y)dz ∧ dw,
The system becomes complicated since we cannot separate variables anymore and J will also be evolved along the flow. We can generalize this example to more general cases such as "warped product" and fiber bundles. For simplicity we only consider warped product here. Let (M 1 , ω 1 , J 1 ) and (M 2 , ω 2 , J 2 ) be two almost Kähler manifolds. Consider an almost Hermitian structure on Proof. The proof is pretty similar to the example we discussed above. It is a straightforward computation to show that,
where ∆ 1 , ∇ 1 are the Laplacian operator and covariant derivative on M 1 respectively, and n is the half dimension of M 2 . Hence, if f (t) is a timedependent function on M 1 satisfying the equation,
then (ω f , J) solves the d * d-flow (by the uniqueness). When n = 1, we have
When n ≥ 2, then we have
It follows that the flow exists for all time and f converges to a positive constant, by the standard theory of the heat equation on a compact Riemannian manifold. Hence the limit is a symplectic structure of the form ω ∞ = ω 1 + aω 2 for some positive constant a.
3.6. Extension and evolution equations. We prove an extension theorem for the flow in this section, A standard way to prove this type of theorem is to consider evolution equation of various geometric quantities such as curvature. We write θ ij = −d * dω ij . We need an identity for dα, where α is a p-form
Hence we can write
Recall that we also have
. It is also a direct computation to check that for any two-form φ,
We continue to compute,
We can then compute
We can then compute,
Given the variation of the metric, one can compute directly the variation of connections and curvatures. These formulas are well-known, for example, see [3] . First we have the evolution equation for the connections, Proposition 3.12. The variation of the connection is given by,
To compute the evolution equation of the curvature, we can use the following expression,
where Γ * Γ denotes two quadratic terms of connections (with possible contractions by the metric g). We have, Proposition 3.13.
where denote the operator D to be
We can also compute the evolution equation of ∇ω. Note that ∇ω, ∇J are mutually determined each other; indeed
0 is equivalent to the fact that (ω, J, g) is a Kahler structure. Proposition 3.14. We compute
For a geometric quantity Q, we would like to write the evolution equation of the form
It turns out that r(ω, J) consists of not only lower order terms; for example (3.35), (3.38) and (3.37) seem to be rather complicated. We can also consider evolution equation of various forms such as dω, d * dω; such quantities behave nicely along the flow. For example we compute,
And we also have
We recall the Bochner-Weinzebock formula. For any two-form ψ,
ijk ψ lp For any p-form ψ, we have the following, ∆ψ = −Dψ + Rm * ψ.
In particular, we can write, for example,
Nevertheless, it does not seems to be straightforward to establish an extension and/or improved regularity result for the d * d flow in the usual fashion. Instead we apply the standard regularity theory for parabolic systems to the modified flow.
Proof. Let (ω, J) be the smooth solution of the flow in [0, T ] with |∇ω|, |∇ 2 ω|, |Rm| all bounded. Consider the equivalent system for (ω,J),
where X = X(ω,J ). By the uniqueness and existence of the flow, we know that this system also has a unique smooth solution in [0, T ], such that ω = φ * ω , J = φ * J , where φ is the diffeomorphism generated by X. Hence we only need to prove the extension for (3.39). By the results in Section 3.3, the system has the structure as follows,
First of all, if |∇ω|, |∇ 2 ω|, |Rm| are all bounded, then all the metrics are uniformly equivalent in C 1,α norm. Applying the maximal regularity theory to the first system forω (we know all coefficients are uniformly in C α ), this follows that ω is in C 2,α . Now we consider the second system forJ, which is parabolic in J. Since ω is in C 2,α , the lower order term O(∂ 2ω , ∂ω, ∂J ) is also in C α . The key is that this term does not involve second derivatives ofJ. Hence the maximal regularity implies thatJ is in C 2,α . Then by the standard boot-strapping argument we know thatω,J are uniformly bounded in C k,α for any k. This allows us to extend the flow across time T , in a uniform way. This completes the proof. 3.7. Existence of a symplectic structure. In this section, we propose a conjecture on the existence of a symplectic structure on a compact almost Hermitian manifold when dimension is six or above. Let (M, ω, J) be such an almost Hermitian structure. If dω = 0, then d * ω = 0 since * ω = ω n−1 /(n − 1)!. Note that when n = 2 (hence M is of dimension 4), dω = 0 is equivalent to d * ω = 0. However, when the dimension is six or above, d * ω = 0 is strictly weaker. (In the Hermitian setting, such a structure is called a "balance" form and it has been studied extensively). Nevertheless, first we require d(ω n−1 ) = 0. Hence ω n−1 defines a cohomology class in H 2n−2 (M, R) but it can be zero class (even though ω is nondegenerate). An example is the round sphere of dimension six, which satisfies d(ω 2 ) = 0. The second requirement is that the cohomology class [ω n−1 ] is not zero. We consider the cohomology class . Clearly, if dω = 0, these are all obvious necessary conditions. The only difference with the obstructions we have discussed in the introduction is that we specify these conditions in a more geometric way, instead of in purely topological datum ( note that the almost Hermitian structure and the Hodge * are only auxiliary since any such structure compatible with ω will be good enough). Hence we propose the following, Even though d(ω n−1 ) = 0 is still a nontrivial condition, we hope Problem 3.1 can give some approach in geometric analysis to the existence of symplectic forms. A trouble using the d * d-flow to approach this problem is that d(ω n−1 ) = 0 seems not to be a condition which is preserved along the flow.
3.8. Laplacian flow. Similarly we can also consider the Laplacian flow for a compatible pair (ω 0 , J 0 ),
where K is given by
However, due to the complexity of the linearized operator of ∆, we do not succeed proving the short time existence at the moment. We can ask the following, Problem 3.2. Does (3.40) have a smooth short time solution starting from an almost Hermitian structure?
As in last section, for a variation (θ, K) of a compatible pair (ω, J), the choice of K is not unique even with θ fixed. When we deform ω by −d * dω, there are still fruitful choices for K. A particularly interesting example is that B = B(ω, J) is determined by the Ricci curvature (note that g(Bx, y) should be symmetric and anti-J invariant), g(Bx, y) = Ric(Jx, y) + Ric(x, Jy).
Hence we study the d * d-Ricci flow for a compatible pair (ω, J),
where K 1 is as in (3.6). First we note the following simple fact, Proof. The proof is straightforward. Suppose dω 0 = 0, we claim that dω = 0 along the flow. Hence ∂ t ω = 0. This completes the proof if we establish the claim. Indeed we have
By Gronwall's inequality, we know that M |dω| 2 dv = 0.
Hence if ω 0 is a symplectic form (dω 0 = 0), the flow is then reduced to the anti-complexied Ricci flow, as studied in [17] . The proof of its short time existence presented in [17] is already technical, see comments in [22] for example; we thank Prof. G. Tian for bringing the complexied-Ricci flow to our attention in 2007. Our motivation is different since our main goal is to deform a non-degenerate two form to a symplectic form. Nevertheless, the anti-complexied Ricci flow is a special case of d * dω-Ricci flow. We should mention that one can also consider Laplacian-Ricci flow.
4.1. Short time existence. First we prove the short time existence and uniqueness of the d * dω-Ricci flow. An advantage is that our flow is invariant under the diffeomorphism group, compared with the anti-complexied Ricci flow.
Theorem 7. For any initial almost Hermitian structure (ω 0 , J 0 ), there exists a unique smooth solution of the d * d-Ricci flow for a short time.
Proof. The proof is essentially the same as in d * d-flow. We denote the principle symbol of B(ω J , J) on J by Q and we will show that Q has only nonnegative eigenvalues in below. All other arguments are the same and we shall keep it brief. We consider a more general system for a tamed pair (ω, J),
The notion is the same as in the last section, where∇ is the covariant derivative of a fixed background metricḡ, and g is determined by the pair (ω J , J), as well as K 2 and X. By the results in the last section, the principle symbol of this system reads I 0 * I + Q which is in particular elliptic (parabolic), and hence there exists a unique smooth solution for a short time. Next we want to show that if (ω 0 , J 0 ) is compatible, it remains so along the flow. The argument is similar to Proposition 3.8. Indeed, we have ω J (Bx, Jy) + ω J (Jx, By) = 0, it then follows the same argument, we have
. A standard argument using Gronwall's inequality or the maximum principle implies that the compatible condition is preserved. Now by a gauge transformation, we prove that there exists a smooth solution of the system (we assume (ω 0 , J 0 ) is compatible)
Regarding the uniqueness, we consider the system for the tamed pair and apply Hamilton's theorem (see Theorem 2)
The integrability condition is still L(ω, J)(θ, K) = (d * θ, K). Since K 2 + B is elliptic on J, then the linearized operator of the system is elliptic on Ker(d * ) ⊕ K. Hence the system has a unique smooth solution for a short time. Now if the initial data is compatible, (4.3) has a compatible solution (ω, J), which is clearly also a solution of (4.4). Hence we also show that the compatible condition is preserved by (4.4) . By the uniqueness of (4.4) again, this proves the uniqueness for (4.3). This completes the proof, provided the following proposition. Proof. This is essentially proved in [17] (see Proposition 3.12). The proof is straightforward and relies on the direct computation. We write
Note that we also have
The leading order of the Ricci curvature reads
Now suppose δJ k j = K k j , and denote h ij = ω ik K k j , then the principle symbol of DB on K k j behaves the same as the principle symbol on h ij and we compute the principle symbol of DB as
From here the discussion is then exactly the same as in [17] (see Section 3.6 and 3.9). This operator has zero eigenvalues, for example, for some constant λ (clearly, λ has to be nonnegative). When λ = 0, dω = 0 and hence this is a symplectic manifold with a compatible almost Hermitian metric which has J-invariant Ricci tensor. Clearly any Kahler structure satisfies this condition. Indeed, Blair and Ianus [1] proposed to study such an almost Kahler structure with J-invariant Ricci tensor and asked whether this is a sufficient condition for J to be integrable. When the dimension is six or above, there are compact examples of almost Kahler structure with J-invariant Ricci tensor which are not Kahler, as first constructed in [6] ; this problem remains open when the dimension is four, and it is related to the so-called Goldberg conjecture which is studied extensively in literature. We refer to, for example, [?] and reference in for more discussions. When λ > 0, first we note that the dimension has to be six or above. Indeed we have d * ω = 0, this would force dω = 0 if the dimension is four, a contradiction. In particular, in this case we have
Hence ω is an eigenform of Hodge-Laplacian ∆ with positive eigenvalue. Note that d * dω is scaling invariant for ω → kω, we can then ask λ to be any positive constant. The equation (4.5) is of particular interest in dimension 6 when λ = 0. A (strictly) nearly Kahler manifold, first introduced by A. Gray, is a very special almost Hermitian structure, which is in particular Einstein manifold with positive scalar curvature. We refer to [?, ?] for example for references. We only recall that a stricly nearly Kähler manifold can be defined to be a compact almost Hermitian manifold of real dimension six such that there exists a normalized (3, 0) form Ω (|Ω| = 1) such that By taking λ = 12µ 2 , we complete the proof.
We can ask the following, Note that ∂ω = 0 means that dω is the real part of a (3, 0) form, denoted by Ω. We write Re(Ω) = dω. We have * Ω = − √ −1Ω, * Ω = √ −1Ω.
That is, * Re(Ω) = Im(Ω).
By ( This is the desired structure equation for a nearly Kahler structure in dimension 6.
We can see that d * d-flow and d * d-Ricci flow are both closely related to nearly Kähler structures and we believe it should give a plausible tool to find the existence of nearly Kähler structure. We will discuss this aspect of the d * d-flow and d * d-Ricci flow in more details elsewhere.
Smooth four manifolds
First we recall the definition of an irreducible manifold. We consider simply-connected irreducible four manifold with an almost complex structure. When a manifold admits an almost complex structure can be determined purely in terms of its cohomology. For a simply-connected four manifold, it admits an almost complex structure if and only if b 2+ is odd. The known examples of simply-connected irreducible four manifolds all have almost complex structure. But in general this remains an open problem, [20, 13] Problem 5.1. Does every simply-connected irreducible four manifold with b 2 > 0 support an almost complex structure?
One of our main motivations is to understand the following, Problem 5.2. When a simply-connected irreducible four manifold with an almost complex structure admits a symplectic structure?
